In the Michigan lecture notes of 1940 [8] Whitney proved that any manifold in the cobordism class of P 2 cannot be embedded in i? 4 with a normal field while non-orientable manifolds in the trivial cobordism class may or may not have a normal field. We will give a new proof of this result using some of the recent notions of differential topology. As one would expect, Whitney's theorem is a special case of a more general theorem and for the statement of this theorem we introduce some notation.
Let M* be a compact smooth w-manifold. Let v)i be the dual Stiefel Whitney classes of M n .
DEFINITION. Let σ(M n ) = 0 if w^w^ = 0 and σ(M n ) = 1 if
Wi Wn-x Φ 0.
Clearly σ(M n ) is just a Stiefel Whitney number [6] . Note also that by a result of Massey [5] , σ(M n ) = 0 unless n -2 j .
THEOREM 1. For any embedding of M n in R 2n the (twisted) Euler class is congruent to 2σ mod 4.
This result is a slight sharpening of the theorem of Massey [4] ; the proof is given in § 4 after some preliminary results in § § 2 and 3.
Let χ be the Euler characteristic of M 2 . In Whitney's theorem the role of σ in Theorem 1 is played by χ. It is not hard to verify that for 2-dimension manifolds σ = χ mod 2. In addition, for 2-dimensional manifolds we can prove (section 6) THEOREM It is interesting to note that the principal lemma yielding Theorem 1 also gives a new proof of the following slightly strengthened version of a result of Levine [2] and Mahowald [3] .
In [3] only the application of this result to give-P n does not embed in R 2n~2 if n = 2 j + 1-is given.
2* Some lemmas* In this section we will derive some information about a particular secondary cohomology operation. Let K be a semisimplicial complex and let u e C 2k (K; Z) such that δu = 2v. Proof. By the coboundary formula [7] which also holds in s.s.c. we have δ(u U u + u \J 1 3u) = 4(v (J^ + u{J v) . This gives the first statement and the second now follows by definition.
If u U u + δp is an integer cocycle then wUi^ is a mod 2 cocycle and SgXN
Proof. By the coboundary formula we have In 2.4 we require that u{ju + dp is an integer cocycle, that is, we require that 3* Let Ί n be the universal %-plane bundle and let I be the trivial line bundle. The base space of I will usually be clear from the context. If v is any w-plane bundle we let T{v) be the Thorn complex and Ue H n (T; Z 2 ) be the Thorn class. Recall that in T, U{] U is equal to U U w n which is the restriction mod 2 of an integer class U U X where χ is the twisted Euler class (of order 2 if n is odd). Hence β 2 Sq n U = 0. By usual obstruction theory, letting n = 2k, we see that there exists a map g: T(y 2k ) -• X such that g* is an isomorphism in dimension 2k. LEMMA 3.1. In the above notation we can find a β satisfying 2.6 such that g*(β + ε) = U{J w %^ U w lf n -2k.
Proof. Consider the diagram: d s T(7^ Θ I) -^ SK(Z t , n-ΐ) k T(y n ) JU x
where i is the map induced by the natural inclusion of τ n -i 0 I i* 1 7 n , and g r is defined by requiring g'*(sa) = U τ , the Thorn class of Γ(7 n -i Θ ί). Letting /3 be the class of 2.6, we have g'*f*(β + e) = s( ί7 w _χ (J ?7 w -i U Wi) = U' \J w n -x U Wi where U n -λ is the Thorn class of Γ(τ»-i). Hence g*(/3 + ε) = J7u δ β -i U w x + α where αeker i*. But keri* is generated by Sq n U= U\Jw n . Therefore 2.6 completes the proof. 4* Proof of Theorem 1* NOTATION. In the remaining sections it will be convenient to use a dot for the cup product.
Let M n be embedded in R 2n and let T{η) be the Thorn complex of the normal bundle. By [6] M n has a normal field if n = 1 mod 2 (it even embeds in R 2n~x ) so we suppose n is even. The group H 2n (T(n); Z) = Z and is generated by a class δ such that 2jb = ZJ λ (w n is zero, hence λ is zero mod 2). The cohomology operation μ is defined on U and by 2.7 and 3.1 we have μ(U) = [E7 w 1 tίv_ 1 + jb] 2 .
Since the top cohomology class of the Thorn complex of a normal bundle to an embedding is spherical [6] , μ(U) = 0. Therefore jb = U'W^w^i (mod 2).
5* Proof of Theorem 4* Suppose we have an embedding of the kind described. Let E and E o be the normal disk and sphere bundle respectively. Consider the sequence
where g is defined in the paragraph just before 2.8 and Sf is the suspension of the map /: E o -+ K(Z 2 , j) satisfying /*(α) = a d where a is any class such that τ*(sα) = U. The map τ is the natural map.
Clearly λ is a defining map for μ. We have g*μ = sia Sq^) by 2.8.
where & is in kerτ*. Finally λ*(μ) = U*w k 'd*Sq x d which is in the top cohomology class of T{η) and hence must be zero. This contradiction proves the theorem. REMARK. It is interesting to note that this portion of the Postnikov tower for T(y 2 ) is the same as the corresponding portion for G n9 n > 4 where G n is the classifying space for oriented %-plane bundles. Indeed the fc-invariants computed in [1] agree with these given here. The class w± e H\G n ; Z 2 ) is associated with U w\ in H\T (7 2 ); Z 2 ) while w\ and U*w 2 are similarly associated.
Proof of the lemma. Since the Thorn class of T (y 2 ) is also the fundamental class and since Sq 1 UΦ 0, the Hurewicz isomorphism theorem proves that τr 2 (Γ( 7 2 ) )) for all coefficient groups if ί ^ 4. To complete the proof of the lemma we note that /* is also an isomorphism in dimension 5. Now we can complete the proof of Theorem 2. Since the order of the fc-invariant is 2, f'*(U χ) = 2j# where ^ is a generator of JEZ" (where λ 2 is the natural map and \ is obtained by collapsing the complement of a normal neighborhood of M 2 to a point) is just /'. Since λf is an isomorphism in dimension 4, the twisted Euler class of the embedding is 2j times the twisted fundamental cohomology class.
7.
Proof of Theorem 3* Let T{T) be the Thorn complex of the universal w-plane bundle, n even. Then H n (T(y n ); Z) -Z 2 generated by the cycle dual to the Thorn class U. Since T(y n ) is (n -l)-connected, we have π n (T{T)) = Z 2 . Therefore by Serre's theorem, ([6] , page 109) rank H 2n (T(j n ); Z) = rank π 2n {T{T)). In particular there is a map f:S 2n -> T(T) such that f*(U-χ) Φ 0 where χ is the twisted Euler class. Now following the argument of § 6 we construct the desired manifold..
